Multi-layer protuberant foil bearings uses multi-layers of protuberant foils as the elastic support structure to support the smooth top foil. A numerical model with a computational method is developed in this paper to predict the characteristics of the multi-layer protuberant foil bearing. According to this model, the deflection of each foil has been calculated separately with the consideration of the interactions between contacting layers of foils, and the profile of foil deflections, film pressure and film thickness also have been computed. The results show that these profiles of multi-layer protuberant foil bearings are very different from those of bump foil bearings. And the flexibility of the multi-layer protuberant foil bearing is improved as the layer number of protuberant foils increases. Moreover, the effects of the bearing number and the eccentricity on the static and dynamic characteristics of multi-layer protuberant foil bearings have been analyzed. It is found that the bearing always operates with a small attitude angle when the bearing number is large. In addition, the bearing has quite different dynamic characteristics when operating at the critical condition from those at the synchronous condition, which suggests that dynamic computation at the both conditions is required for dynamic analysis of the foil bearing.
Introduction
Foil bearings are thought to be an alternative technology for traditional plain bearings or rolling element bearings to fulfill the requirements of most high speed oil-free rotating machineries with a better stability and a lower cost, and have received widespread attentions. Since the 1960s, several types of foil bearings, such as tension-tape foil bearings, multiple-leaf foil bearings, metal-mesh foil bearings, as well as the classical bump foil bearings, have been developed and applied in oil-free rotating machineries (Agrawal, 1997; Kim and Lee, 2007; Le Lez, 2009; San Andres, 2010) . Multi-layer protuberant foil bearings are one class of foil bearings, being developed recently. In the multi-layer protuberant foil bearing, multi-layer protuberant foils are employed as the elastic support structure to simplify machine design and reduce fabrication cost.
For foil bearing designers, reliable simulation models are needed to predict their performance accurately (Temis, 2011; Kim and Andres, 2006) . Many researches have been conducted on modeling bump foil bearings (Heshmat, et al. 1983; Dellacorte and Valco, 2000; Carpino and Talmage, 2006; Kim and San Andres, 2008; Lee, 2002; San André s and Kim, 2009; . For the most advanced linear model for bump foil bearings thus far, the effects of the bump foil stiffness, top foil membrane/bending stresses and the Coulomb friction have been taken into account (Carpino and Talmage, 2006) . In addition, some nonlinear models for bump foil bearings (Le Lez, 2009; presented to understand their nonlinear behaviors, such as subsynchronous whirl motions. However, very little research has been performed on modeling and theoretical calculation of multi-layer protuberant bearings. Due to their multilayered structures, modeling for multi-layer protuberant bearings is more difficult than that for bump foil bearings. Feng and Kaneko (2008) presented a model for double-layer protuberant foil bearings. According to the model, the film thickness was thought to be directly influenced by the deflection of both top foil and the mid foil. Therefore, the deflection of the top foil and the modified deflection of the mid foil were combined linearly to calculate the change of film thickness. With the model they presented, the static performance of a double-layer protuberant foil bearing was analyzed, but the dynamic performance was not analyzed. Hou and Chen (2011) presented a simulation model for the foil bearing with only one layer of protuberant foil. They predicted the static and the dynamic performance of the single-layer protuberant foil bearing. However, this model cannot describe protuberant foil bearings with two or more layers of protuberant foils.
1
The numerical study of static and dynamic characteristics of multi-layer protuberant foil bearing The research introduced in the present paper is based on the previous work of Hou and Chen. This paper presents a computational model for multi-layer protuberant foil bearings. The model can simulate the foil deflection using the flat plate theory and finite element method. The deflection displacement of a lower foil is utilized as the displacement boundary condition to calculate the deflection of the upper foil. On the base of the model the numerical analysis about the foil bearings has been conducted, and the static characteristics (the attitude angle and the load capacity) and the dynamic characteristics (the damping coefficients and the stiffness coefficients) have been analyzed. In addition, the effects of dynamic characteristics on the stability of bearing are discussed here.
Mathematical Model 2.1 Structure of Multi-layer Protuberant Foil Bearing
The fundamental configuration of a multi-layer protuberant foil bearing is shown schematically in Fig. 1 . The structure of the multi-layer protuberant gas foil bearing can be simply introduced by replace the single elastic bump foil layer of the conventional bump foil bearing with multi-layer protuberant foils. Several numbers of protuberances are employed on the protuberant foils. Under the action of hydrodynamic film forces, an upper foil contacts with its next lower foil through the protuberances. The protuberant foils are located between the top foil and the bearing house inner surface. The protuberant foils take effect as the elastic supporting structure with the similar function as the bump foil of bump foil bearings. All the foils are wrapped around the journal in the reverse direction of journal rotation, whose trailing edge is fixed on the bearing house. 
Equation for Pressure Field and Film thickness
The film pressure within the clearance of the bearing is described by Reynolds equation. The lubricant gas is regarded as an isothermal and isoviscous ideal gas. According to the coordinate system shown in Fig. 2 , the dimensionless Reynolds equation can be written as Eq. (1). 
where p is the dimensionless film pressure, h is the dimensionless film thickness, ξ and η are the dimensionless circumferential and axial coordinates, γ is the whirl ratio, and t is the dimensionless time. They are defined as follow:
where p is the film pressure, p a is the ambient pressure, h is the film thickness, ξ and η are the circumferential and the axial coordinates, t is the time, ω is the journal speed, μ is the viscous coefficient of the lubricant gas, v is the whirl speed, r is the radius of journal, and c is the nominal bearing clearance.
The boundary conditions for Eq. (1) are:
The dimensionless film thickness is calculated by:
(4) where φ is the attitude angle of the journal center. X and Y are the dimensionless displacements of the journal center in the x and y directions. ε is the eccentricity ratio of the journal center. w is the dimensionless deflection of the top foil. They are defined as follow:
where X and Y are the displacement of the journal center in the x and y directions. e is the eccentricity of the journal center. w is the deflection of the top foil.
Finite Element Model for Foil Structure
In the simulations, the stiffness of foils is described by the stiffness matrix [K] , which can be obtained by using the Finite Element Method (FEM) and thin plane bending theory. The 4-node rectangular plate bending element is employed for dividing the foils. The protuberances are treated as rigid support points due to their large stiffness and small size (Feng, 2008; Hou, 2011) . In addition, the membrane force is not included in the model in order to avoid the membrane locking. The relationship between nodal forces and nodal displacements in a thin plate can be written on the basis of the finite element method.
(6) where [K] is the stiffness matrix, which can be obtained by referring to (Zienkiewicz, 1977) . [B] and [M] are the damping matrix and mass matrix. However, both of them are set to zero matrixes for simplicity in dynamic simulations. Thus, the dynamic simulations are conducted without considering of the mass and damping of the foils. {δ} is the generalized displacement vector. The generalized displacement at one node is defined as:
where {f} is the generalized force vector. The generalized force at one node is defined as:
where f ξi and f ηi are the moment acting on a node, which can be calculated in an element according to (Zienkiewicz, 1977) .
The generalized displacement of nodes at the trailing edge should be set to be zero, since the trailing edge of foils is fixed in the bearing house. In addition, the two adjacent layers of foil deform together at contact points with the same deflection displacement. Therefore, for the two layers of foil contacting with each other, the radial deflection displacement of the lower foil on the contact points is the displacement boundary condition for its adjacent upper one. When the lower foil is the bottom foil, which is located at the bottom and contacts with the bearing house, the radial displacement boundary for its adjacent upper foil at contact points is set to be zero, since the stiffness of the protuberances and the bearing house is very large. Therefore, the boundary condition for foil deflection field can be written as:
at fixed edge w upper = w lower at contact points between foils (9)
Perturbation Method
The perturbation method is used here to calculate the static and dynamic characteristics of the foil bearing. According to the linear perturbation method (Peng and Carpino, 1993) , the film pressure, film thickness and foil deflection, all in a dimensionless form, can be expressed with the Taylor expansion. 
Note that Eqs. (14b)-(14e) can be divided into 2 sets: Eq. (14b) and Eq. (14c) compose one set; and Eq. (14d) and Eq. (14e) compose the other. These two sets of equation can be solved separately. According to Eq. (3), the boundary conditions for Eqs. (6a)-(6e) can be determined as:
After substituting Eqs. (11)- (13) into Eq. (4) and collecting the same coefficients, the relationships between the perturbed gas film clearance and the perturbed deflection of the top foil can be obtained as follow:
(16e) Likewise, the next 5 equations can be obtained easily by expressing the generalized strain and generalized force with the Tayler expansion and substituting them into Eq. (6). 
at contact points between foils (18b)
This means that calculating the deflection field of a foil, excepting that of the bottom foil, needs the deflection displacement of its next lower foil at contact points as the boundary condition.
Numerical Procedure
With perturbation method, the static and dynamic equations can be solved separately. And the static gas film pressure, static gas film thickness and static deflection of the top foil can be solved by an iteration coupling method, which is common in numerical calculation for foil bearings. As mentioned above, the deflection displacement of the lower foil is needed for calculating the deflection field of the upper foil. For such a problem, a calculation procedure is presented as follows:
(1) Under the given gas film pressure, calculate the reaction forces applied on the upper foil by the lower one at the contact points by considering there is no radial displacement at the contact points firstly.
(2) Calculate the action force at contact points for each foil, excepting the top foil, by opposing the reaction forces acting on the next upper foil.
(3) Calculate the deflection of the 2 nd layer of foil, which is located near above the bottom foil. (4) Calculate the deflection of the i+1 layer of foil, which is located near above the i layer foil, by using the deflection displacement of the i layer of foil as the displacement boundary condition.
(5) Return to step (4) until the deflection of the top foil is obtained by using the gas film pressure as the acting force.
When a new deflection of the top foil is obtained, a new film thickness h* can be calculated according to Eq. (4). However, a modified new film thickness is used in the iteration for the prevention of the divergence.
(19) where ζ is the relaxation factor ranged from 0.1~0.4 in this paper.
After a new film thickness is obtained, a new film pressure can be calculated in every step. Note that the sub-ambient are unavoidable at each iteration step. However, sub-ambient pressures should not occur in foil bearing, since the top foil could detach from the lower foil; thus the sub-ambient pressures are set to ambient pressure at each iteration step. The iterative process is continued until the convergence criterion is reached. The convergence criterion is that the relative error between the film pressure and the film thickness obtained in the two successive iterations is less than 1.0×10 -4 . The logic chart is shown in Fig. 3 . sin cos
In general, F x should be equal to zero for satisfying the force equilibrium. A Newton iteration method is used here to adjust the attitude angle, and then the static solution is obtained with F x equaling to zero. The program logic chart for static solutions is shown in Fig. 3 .
After p 0 and h 0 being calculated, the perturbation Eqs.(14b)-(14e) can be solved by coupling with the perturbed gas film thickness. The perturbed gas film thicknesses can be calculated by Eqs. (16b)-(16e) . The perturbed deflection of the top foil is calculated with the similar method used to calculate the static deflection of the top foil. The coupling between Eq. (14b) and Eq. (14c), as well as that between Eq. (14d) and Eq. (14e), can be solved by using the successive over relaxation method with the relaxation factor ranged from 0.1 to 0.4. Once the perturbed pressure is known, the stiffness and damping coefficients can then be calculated with a proper integration over the bearing surface. 
In general, the stiffness and damping coefficients depend on the whirl frequency. However, for most common rotor dynamic analysis, the whirl is thought to be the result of the rotor unbalanced mass, which is synchronized with the rotation frequency (Lee, 2004) . So the selected whirl frequency ratio is equal to one in synchronous dynamic analysis. For dynamic analysis at the critical condition, the critical whirl frequency ratio should be used for calculating the dynamic coefficients.
Results and Discussion

Modeling for the Numerically Studied Foil Bearing
A multi-layer perturbation foil bearing as shown in Fig. 1 is studied here. The structural parameters of the bearing are listed in Table 1 . This foil bearing consists of three layers of foil, which are named according to their positions as top foil, mid foil, and bottom foil. The bottom foil is located at the bottom and contacts with bearing house, while the mid foil is located between the top foil and the bottom foil. Both the mid foil and bottom foil are protuberant foil. All the foils are made of beryllium bronze plate with the same thickness. The distribution of the protuberances on the mid foil and the bottom foil is shown in Fig. 4 
Fig. 4-Distribution of the protuberances
A symmetric half model is used in the paper. The gas film and foils are divided with the same mesh, which uses 9 elements in the axial direction and 60 elements in the circumferential direction. In addition, the same mesh and nodal number are used for each foil in order to simplify the stiffness matrix and save the storage space. Furthermore, the stiffness matrix can be decomposed using the Cholesky procedure off-line, which greatly enhances the computational efficiency.
The mesh-independence has been examined by doubling the mesh density. At the same operating condition (Λ=1 and ε=0.5), the calculation error for different mesh density is less than 1‰. Figure 5 depicts the profile of film pressure, film thickness and deflection of top and mid foils. The bearing number of 1 and the eccentricity ratio of 0.5 are used in the calculation. As shown in Fig. 5 , the film pressure increases significantly with the decrease of film thickness, then drops to ambient pressure in the film thickness increasing region. The sub-ambient pressure does not appear in the gas film region, because the top foil could detach with the lower foil when the film pressure is less than the ambient pressure. As shown in Fig. 5 (b) , the film thickness increase a little along the ξ direction at the leading edge of bearing due to the influence of attitude angle, which is calculated to be 36.9° in this case. The region with the large deflection of the top foil, as well as of the mid foil, is the same region with a large film pressure. The difference between the deflection of the top foil and that of the mid foil is caused by the difference of the external force. For the top foil, the external force exerted by film pressure is a distributed force. While the extract force exerted on mid foil by the top foil, are a set of point forces acting on the contact points. The maximum deflection of the top foil is nearly twice as much as that of the mid foil because the deflection of the mid foil affects the top foil through protuberances and causes the larger deflection of the top foil.
Film Pressure, Film Thickness, and Deflection of Foils
Comparing the calculation results between the bearing with a single layer protuberant foil (Hou, 2011) and the one with double-layers (see in Fig. 6 ), it is found that the gas film pressure of the bearing with two layers of protuberant foil is smaller, but the minimal film thickness and deflection of its top foil is larger. In order to analyze the influence of layer number of protuberant foil, distributions of the film pressure and the top foil deflection of the treble-layer protuberant foil bearing are calculated by using the presented model. The results are shown in Fig. 6 . As expected, the treble-layer protuberant foil bearing has a larger deflection of the top foil but a smaller film pressure compared with those of double-layer one. From the above comparison, it is inferred that, with the same bearing number and eccentricity, more layers of the protuberant foil would increase the deformation of the top foil and decrease the gas film pressure. This indicates that the flexibility of the bearing is improved with the increasing layers of protuberant foils. Fig.6 -Profile of a) the dimensionless pressure and b) the dimensionless deflection of the top for a treble-layer foil bearing with the same bearing size on the same operating condition; eccentricity ratio ε=0.5.
Static and Dynamic Characteristics
Figure 7 (a) and (b) show the change rate of the attitude angle and the dimensionless load capacity versus the bearing number at different eccentricity ratios. As shown in Fig. 7 (a) , the eccentricity affects the attitude angle significantly at small bearing numbers, but affects little at large bearing numbers. The bearing always operates at a small attitude angle when the bearing number is large, which is a desirable feature since small attitude angle denotes a journal displacement parallel to the load direction . As shown in Fig. 7 (b) , the load capacity increases with both the eccentricity ratio and the bearing number. At the region of large bearing number, the load capacity at a constant eccentricity ratio increases relatively small with the bearing number raising and tends to an asymptotic value. However, with a constant bearing number, the load capacity increases proportionally with the increase of the eccentricity ratio, which implies direct stiffness is constant in the region of the eccentricity from 0.1 to 0.7. These computation results are obtained without considering the influence of damping and mass of the foil structure. The direct stiffness k xx and k yy under the action of the synchronous excitation increase significantly as bearing number in the range of 1 to 5, but reaching asymptotic values with larger bearing number and being regarded as the stiffness of the elastic support structure . With low bearing numbers, the stiffness of the gas film is much lower than that of the elastic support structure, so it dominates the stiffness of whole foil bearings. However, as the bearing number increases, the gas film become stiffer and the stiffness of whole foil bearings is predominated by the elastic stiffness of support structure (Peng and Carpino, 1997; Vleugels, 2006) . The cross-coupled stiffness coefficients k xy and k yx under the action of the synchronous excitation increase in magnitude as bearing number increases. k xy < k yx means good bearing stability according to . Figure 8 (b) shows the synchronous damping coefficients versus bearing number Λ. All direct damping coefficients b xx and b yy under the action of the synchronous excitation are positive within the whole bearing number range, so they always provide the energy dissipation. b xy is negative with the small bearing numbers, but become positive with larger bearing numbers. On the contrary, b yx is positive as the bearing number is small, but become positive when the bearing number increases to a larger magnitude. It seems that these two cross-coupled damping coefficients under the action of synchronous excitation compensate each other, which may enhance the stability of the bearing. Note that the damping in the foil structure is neglected in this model, thus the overall dumping in this model are all created by the gas film and may be further diminished by the compliance of the foil structure. Therefore, the damping coefficients may be underestimated by using this model. An advanced model properly considering the damping effects in the foil structure is needed to predict the damping characteristic accurately. The critical dynamic analysis is carried out by means of a simple rotor-bearing system according to Lund's approach (Lund, 1968) . The natural frequency of the rotor-bearing system can be calculated by: 
It is generally believed that system resonance may occur when the whirl frequency is nearly equal to the natural frequency of the system, which is regarded as the critical condition. The natural frequency and the whirl frequency at the critical condition are named as critical natural frequency and critical whirl frequency, v cr , respectively. The critical whirl frequency should be equal to the critical natural frequency and then induce a resonance. For calculating the critical natural frequency, the whirl frequency for calculating the dynamic coefficients should be the critical whirl frequency, which is equal to the unknown critical natural frequency. In order to solve such a problem, an iteration progress is used here for determining the critical whirl frequency. After the critical whirl frequency is calculated, the critical mass can be calculated with Eq. (25):
Also, the critical mass is expressed in non-dimensional form as follow: ) shows the results of the critical whirl ratio and dimensionless critical mass for various bearing number at different eccentricity ratios. For rotor-bearing system operated at constant load and speed, the journal could move around an equilibrium position with small amplitude. This equilibrium position represents a constant eccentricity ratio. Due to the small values of the amplitudes of journal, the eccentricity can be regarded as constant. Therefore, the present simulation with a given eccentricity ratios and a given bearing numbers can be regarded as the predictions for rotor operated under the conditions of constant loads and constant rotational speeds. As shown in Fig. 9 (a) , the critical whirl ratio at different eccentricity ratio approaches to a specific value as bearing number increases. It can be found easily that all the critical ratio values are about 0.5. As mentioned above, it is generally believed that resonance happens when the whirl frequency is nearly equal to the system natural frequency, which always approaches half of the rotor speed frequency according to these predictions. This may explain the well-known phenomenon (Kim, 2007; Walton and Heshmat, 2002 ) that a whirl frequency usually appears at nearly half of the rotor speed in the high speed rotor system being composed of foil bearings for operation at a constant load and constant rotational speed. As shown in Fig.9 (b) , the eccentricity has larger effect on critical mass. A less eccentricity results in a less critical mass. The load capacity of the bearing is relatively small, which is equal to half of the rotor mass for the two journal bearing system and results in a small eccentricity. Therefore, the rotor mass should be small in order to ensure the stable region as large as possible (Vleugels, et al, 2006) . As synchronous dynamic coefficients, critical dynamic coefficients are also affected by bearing number. However, k xy > k yx at the critical whirl frequency may induce dynamic destabilizing at critical whirl condition (Lee, 2002; . Additionally, the direct damping coefficient b yy at the critical whirl frequency tend to be negative as the bearing number increases, also making the system more dynamically destabilizing. According to the calculation results, the dynamic characteristics at the synchronous whirl condition are quite different from those at the critical whirl condition. Therefore, both the synchronous and critical dynamic predictions are needed for stability analysis of a foil bearing system.
Conclusions
A detailed but effective numerical model to predict the static and dynamic characteristics of multi-layer protuberant foil bearings has presented in the paper. And the film pressure, the film thickness and the deflection of foils have been calculated. The result shows that the multi-layer protuberant foil bearing becomes more compliant with the layer number of protuberant foils increases.
For a double-layer protuberant foil bearing, the attitude angle and the load capacity of the bearing changes with the variation of bearing number and eccentricity. The eccentricity affects the attitude angle significantly at a small bearing numbers, but affects little at a large bearing number. Dynamic analysis shows that the synchronous dynamic coefficient of the bearing is enhanced by increasing bearing number, which can improve rotor dynamical stability. However, dynamic analysis at critical whirl condition shows a system with these foil bearings is prone to be resonant when the whirl frequency is nearly at half of the rotor speed frequency. So, the light rotor in foil bearing system should be used in order to get a large stable region.
Furthermore, the dynamic characteristics of the foil bearing at the critical condition are quite different from those at the synchronous condition. Therefore, both the synchronous and critical dynamic computation is required for stability analysis of the foil bearing system.
In addition, after being improved, the model and the computational method presented in the paper can be used to predict the static and dynamic characteristics of bump foil bearings by describing the bump foil with shell elements. 
Nomenclature
